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Abstract: We study gauge threshold corrections for local brane models embedded in a
large compact space. A large bulk volume gives important contributions to the Konishi and
super-Weyl anomalies and the effective field theory analysis implies the unification scale
should be enhanced in a model-independent way fromMs to RMs. For local D3/D3 models
this result is supported by the explicit string computations. In this case the scale RMs
comes from the necessity of global cancellation of RR tadpoles sourced by the local model.
We also study D3/D7 models and discuss discrepancies with the effective field theory
analysis. We comment on phenomenological implications for gauge coupling unification
and for the GUT scale.
1. Introduction
One of the most tantalising results in particle physics is the appearance of gauge coupling
unification at an energy scale MGUT ∼ 1016GeV in the presence of low energy supersym-
metry. It is possible this unification is simply an accident; however, it may instead be the
first hint of a deeper structure underlying the Standard Model. Unfortunately, it is difficult
to probe such high energies directly and we do not know whether MGUT does indeed mark
a new physical scale.
String theory is the most promising candidate for an ultraviolet theory containing a
unified treatment of gauge and gravitational interactions. Model building and unification
in string theory was traditionally studied in the context of the heterotic string, which
naturally gives rise to grand unified theories at the compactification scale. However more
recently much model building has shifted to intersecting brane models in type II theories
(see [1] for a review). Intersecting brane models naturally give chiral fermions and SU(n)
nonabelian gauge groups. However, in general these models do not give gauge coupling
unification except in certain special limits.
One of these limits is the case of branes at singularities, where the dilaton provides the
universal gauge coupling. This limit is a particular case of the class of local models, first
introduced in [2]. String models can be classified as either global or local. In global models,
for example the weakly coupled heterotic string, the string scale is tied to the Planck scale:
if Ms ≪MP then αi ≪ 1 in a way incompatible with phenomenology. In local models the
string scale and Planck scale can be decoupled: the Standard Model gauge couplings have
no direct relation to the ratio MP /Ms.
Local models are attractive in that they fit naturally into, and are required by, con-
trolled scenarios of moduli stabilisation with low scale supersymmetry breaking [3,4]. How-
ever a tension arises between gauge coupling unification and supersymmetry breaking. In
flux-stabilised models, the most attractive value of the string scale with regards to su-
persymmetry breaking is Ms ∼ 1011GeV (for early discussions of an intermediate string
scale see [5, 6]). This solves the hierarchy problem through TeV scale supersymmetry
at Msusy ∼ M2s /MP . This scale is also attractive with regard to axions and neutrino
masses. However, this leads us to expect gauge couplings to unify at a scale Ms rather
than MGUT ∼ 1016GeV.
The purpose of this paper is study this tension and in particular the effects of threshold
corrections on the unification scale for local models.1 A local model embedded in a compact
space naturally has a large parameter, the ratio (MP /Ms)
2 = V.2 This large parameter
enters both the Ka¨hler potential and the matter kinetic terms. However these are both
known to modify the physical gauge coupling through the Konishi and super-Weyl anoma-
lies. Although formally one-loop effects, both anomalies will be parametrically enhanced
at large volume and so may lead to significant effects on the gauge couplings.
1A related study has recently been carried out in [7], although focusing on the contribution of local
modes rather than the dependence on the bulk volume.
2Volumes will be treated as dimensionless and measured in units of (2pi
√
α′): so V = Vol/(2pi√α′)6
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This paper is organised as follows. Section 2 studies the effects of threshold corrections
from an effective field theory perspective, and shows that this leads us to expect unifica-
tion at a super-stringy scale MX = RMs. The remainder of this paper studies threshold
corrections from a stringy perspective. Section 3 reviews the formalism for computing
threshold corrections, which is applied in section 4 to local D3/D3 models and in section 5
to D3/D7 models. Section 6 contains the conclusions, while an appendix contains various
useful ϑ-function identities.
2. Field Theory Results
The defining characteristic of local models is that there exists a limit in which gravity
decouples - the ratio MP /Ms can be taken to infinity without affecting Standard Model
gauge and Yukawa couplings. In phenomenological applications, the bulk volume may be
very large: for example in the large volume scenario of [3, 4] the volume is V ∼ 1015l6s .
For the GUT-like models of [8–10] the proposed volume is V ∼ 104. As this large number
enters into both the overall Ka¨hler potential and the matter kinetic terms, it is important
to study the anomaly-induced corrections to gauge couplings.3
In locally supersymmetric effective field theory with field-dependent couplings the
physical gauge couplings are given by the Kaplunovsky-Louis formula [14,15]:
g−2a (Φ, Φ¯, µ) = Re(fa(Φ)) +
(
∑
r nrTa(r)− 3Ta(G))
8π2
ln
(
MP
µ
)
+
T (G)
8π2
ln g−2a (Φ, Φ¯, µ)
+
(
∑
r nrTa(r)− T (G))
16π2
Kˆ(Φ, Φ¯)−
∑
r
Ta(r)
8π2
ln detZr(Φ, Φ¯, µ). (2.1)
Φ are the moduli, Kˆ is the moduli Ka¨hler potential, and Zr the Ka¨hler metric for matter
in representation r. We will focus on the volume dependence of (2.1) and in particular
on terms enhanced by (lnV) in the large volume limit, and therefore drop the NSVZ term
T (G)
8π2
ln g−2a in all subsequent formulae.
The KL formula (2.1) relates the physical and holomorphic gauge couplings in locally
supersymmetric theories, generalising the NSVZ formula for globally supersymmetric the-
ories. The left hand side contains the physical couplings. On the right hand side, the first
term is the holomorphic gauge coupling and the second represents the standard field the-
ory running. The third term is the NSVZ relationship between physical and holomorphic
couplings, whereas the fourth is the specifically supergravity contribution from the super-
Weyl anomaly. This originates from the need to transform from Weyl to Einstein frame
when relating couplings with manifest holomorphy properties to couplings with a direct
physical interpretation. The last term is the Konishi anomaly associated with rescaling
matter fields to canonical normalisation.
3For related studies of gauge coupling unification in the phenomenological literature on extra dimensions,
see [11,12], and for early studies of threshold corrections in the presence of large extra dimensions see [13].
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The moduli dependence of (2.1) originates from Kˆ and Zr, which in string theory are
functions of the moduli. As the anomalies are already one-loop effects, to compute (2.1) to
one-loop level, it is sufficient to know Kˆ and Zr at tree level. The overall Ka¨hler potential
Kˆ is given by [16] (we neglect any additional dependence on brane/Wilson line moduli)
Kˆ = −2 ln(V(Ti + T¯i))− ln
(∫
iΩ ∧ Ω¯
)
− ln(S + S¯). (2.2)
The last two terms of (2.2) depend on dilaton (S) and complex structure (U) moduli and are
not relevant to our purposes. The form of Kˆ can be easily understood from the supergravity
scalar potential, V = eKˆ
(|DIW |2 − 3|W |2). String theory dimensional analysis requires
V ∼M4s = M
4
P
V2 , requiring e
K ∼ 1V2 .
The form of Zr can be deduced using the shift symmetries of the Ka¨hler moduli. In a
local model the physical Yukawas
Yˆαβγ =
eKˆ/2Yαβγ√
ZαZβZγ
(2.3)
must necessarily be independent of V. However the superpotential Yukawas Yαβγ must -
at least perturbatively - be independent of Ti, as Yαβγ must both be holomorphic in Ti and
respect the shift symmetry Ti → Ti + ǫ. This requires√
ZαZβZγ ∼ 1V . (2.4)
If we assume that local fields see the bulk volume in the same way, we obtain Zα ∼ 1V2/3 .
In models where the fields are related by symmetries, this assumption automatically holds.
This is the scaling of the kinetic term for 33 strings in a bulk space.
In this case Kˆ and Zr are given by
Kˆ = −2 lnV = −4 ln
(
MP
Ms
)
, Z =
1
V2/3 , ln detZ = −
4nr
3
ln
(
MP
Ms
)
.
We therefore obtain (writing MX =
(
MP
MS
)1/3
MS),
g−2a (µ) = Re(fa(Φ)) +
(∑
r nrTa(r)− 3Ta(G)
16π2
)
ln
(
M2P
µ2
)
− 2
16π2
(∑
r
nrTa(r)− T (G)
)
ln
(
M2P
M2s
)
−
(∑
r
−4nrTa(r)
3× 16π2
)
ln
(
M2P
M2s
)
= Re(fa(Φ)) + ln
(
M2X
µ2
)(∑
r nrTa(r)− 3Ta(G)
16π2
)
= Re(fa(Φ)) + βa ln
(
M2X
µ2
)
. (2.5)
This expression implies the effect of the Ka¨hler and Konishi anomalies is to modify the
naive unification scale of MS and raise it to a scale MX , where
MX =
(
MP
MS
)1/3
MS . (2.6)
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MX is enhanced compared to the string scale by a factor of the compactification radius.
This effect is substantial; for intermediate string scale models it moves the naive unification
scale from a range 1011GeV÷ 1012GeV to a range 2.5× 1013GeV÷ 1.5× 1014GeV.
We assumed here that Re(fa(Φ)) is gauge group universal, in order that non-accidental
unification may make sense in the first place. This is realised for example by models of
D3 branes on a singularity, where Re(fa(Φ)) = S. In many intersecting brane models
Re(fa(Φ)) is far from universal, and in this case the unification of gauge couplings must
necessarily be accidental. Mirage unification may also occur if the non-universality of
Re(fa) is related to the β-functions. For a discussion of this possibility, see [17,18].
The surprising feature of (2.6) is the simplicity of the calculations that have led to it.
The only assumption made has been that different matter fields see the bulk volume in the
same way, which does not seem a strong assumption for local models where the bulk can in
principle be decoupled. Unification at a scale above the string scale has then followed only
from the large volume behaviour of the Ka¨hler potential and simple assumptions about
locality. In particular, the above arguments are independent of the detailed form of the
local model, and use only the scaling behaviour with the volume.
A more general point is that the form of (2.1) implies that threshold corrections are
non-neglible in any local model. The presence of a large bulk volume, essential for the
concept of a local model, gives significant (lnV) factors that must be taken into account
in any comparison with gauge coupling unification.
However, the use of the field theory expressions for anomalous contributions to gauge
couplings often has subtle features such as field redefinitions and chiral/linear multiplet
relations. In the rest of this paper we therefore set out to study the threshold corrections
from a directly stringy perspective, in order to understand the appearance of lnV terms
and the apparently model-independent form of (2.6).
3. Threshold Corrections in String Theory
The study of threshold corrections in string theory has a long history. The original cal-
culations were carried out for the heterotic string [19–23] (see [24, 25] for reviews). With
the advent of brane models threshold corrections have also been computed for D-brane
models [18,26–32,35]. This paper will make most use of the presentation given in [18]. Let
us also state at this point that throughout this paper all calculations will be carried out in
the orbifold limit, where the tree-level gauge couplings are universal.
Threshold corrections in string theory are most straightforwardly computed using the
background field method. Threshold corrections to gauge group a are found by computing
the vacuum energy in a background magnetic field F23 = QaB, with Qa a generator of the
gauge group, and extracting the O(B2) contribution. In string theory the one-loop vacuum
energy involves a sum over Torus, Klein bottle, Mobius Strip and Annulus diagrams.
Λ1−loop =
1
2
(T +KB +A(B) +MS(B)). (3.1)
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As only open strings couple to the magnetic field, only the annulus and Mobius strip
diagrams can depend on B and thus contribute to threshold corrections.
The vacuum energy has the form
Λ = Λ0 +
1
2
(
B
2π2
)2
Λ2 +
1
4!
(
B
2π2
)4
Λ4 + . . . (3.2)
Λ0 vanishes in a supersymmetric compactification. Λ2 takes the form
Λ2 =
∫ ∞
0
dt
8t
fthresh(q ≡ e−πt). (3.3)
The physical gauge couplings are given by
4π2
g2a
∣∣∣∣∣
1-loop
=
4π2
g2a
∣∣∣∣∣
tree
+ 2Λ2. (3.4)
The threshold corrections are encoded in fthresh. In the IR limit t → ∞, fthresh → ba,
where ba is the field theory beta function coefficient. The t → ∞ limit therefore gives
the standard low-energy field theory running of the gauge coupling. t = 1 corresponds
to the turn-on of stringy physics, where e−m2tα′ & 1. The stringy physics is encoded in
the UV t → 0 limit. In a consistent compact model, (3.3) will be finite in the t → 0
limit. This finiteness is equivalent to the global consistency of the string theory, namely
the cancellation of all RR tadpoles.
Local models can also have a further simplification, which will hold for the cases
considered below. At a singularity supersymmetric branes can carry both positive and
negative RR charge. The cancellation of (local) twisted tadpoles can then be achieved
solely using branes and does not require the presence of orientifold planes. In this case
the Mo¨bius amplitude is also absent and we can restrict to considering solely the annulus
amplitude. The annulus amplitude is the partition function for all open string states in
the spectrum. For a ZK singularity it is given by
A =
∫ ∞
0
dt
2t
STr
(
(1 + θ + θ2 + . . .+ θK−1)
K
1 + (−1)F
2
q(p
µpµ+m2)/2
)
(3.5)
≡
K−1∑
i=0
∫ ∞
0
dt
2t
Ak
K
. (3.6)
Here q = e−πt and STr =
∑
bosons−
∑
fermions ≡
∑
NS −
∑
R. We have also set α
′ = 1/2.
In this paper we shall perform calculations in local models, without providing an
explicit embedding into compact models. Such an embedding is of course necessary for
consistency and for cancellation of all RR tadpoles, but is also model dependent. The
absence of a compact embedding means that our computation of threshold corrections will
be incomplete. In particular, we will be missing states corresponding to strings stretching
from the local singularity to branes/O-planes in the bulk. However, such states have masses
m2 ∼ R2/((2π)2α′) and will only have non-negligible contributions to the partition function
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for t . 1/R2. As we shall discuss in greater detail below, all local results are therefore
reliable for t & 1/R2 but should be cut off at t ∼ 1/R2.
We shall study both D3/D3 and D3/D7 models. We first provide the formalism that
is common to all cases, before specialising to individual models. We start by writing the
partition functions for the various sectors in the absence of a space-time magnetic field.
The purpose of this is primarily to review formulae and to define notation and conventions.
3.1 Unmagnetised Amplitudes
3.1.1 D3-D3 Amplitudes
The untwisted D3-D3 annulus amplitude is
A033 =
∫
dt
2t
1
(2π2t)2
Tr(1)|CP
∑
α,β=0,1/2
ηαβ
2
(
ϑ
[α
β
])4
η12
. (3.7)
The trace is over Chan-Paton states and the sum over α and β reflects the GSO projection
and supertrace, with ηαβ = (−1)2(α+β−2αβ). α = 0(1/2) corresponds to NS (R) states, and
β = 0(1/2) corresponds to the insertion of 1((−1)F ) in the trace.
For a fully twisted sector (θi 6= 0, i = 1, 2, 3), the twisted D3-D3 partition function is
A(k)33 =
∫
dt
2t
1
(2π2t)2
Tr(γθk ⊗ γ−1θk )|CP
∑
α,β=0,1/2
ηαβ
2
ϑ
[α
β
]
η3
3∏
i=1
(−2 sinπθi)
ϑ
[ α
β + θi
]
ϑ
[ 1/2
1/2 + θi
] .
(3.8)
For a partially twisted sector (θi 6= 0, i = 1, 2), the twisted D3-D3 partition function is
A(k)33 =
∫
dt
2t
1
(2π2t)2
Tr(γθk⊗γ−1θk )|CP
∑
α,β=0,1/2
(−1)2αηαβ
2
(ϑ[α
β
]
η3
)2 2∏
i=1
(−2 sinπθi)
ϑ
[ α
β + θi
]
ϑ
[ 1/2
1/2 + θi
] .
(3.9)
The above amplitudes automatically vanish due to supersymmetry. However, in a con-
sistent theory the NSNS and RR tadpoles must vanish separately once the amplitude is
rewritten in closed string tree channel. The cancellation of closed string RR tadpoles
constrains the matter content of the theory and is equivalent to anomaly cancellation.
To transform to closed string channel, we write t = 1/l and use the modular properties
(A.13) and (A.14), before extracting the l → ∞ divergence. The fully twisted amplitude
– 6 –
becomes
Tr(γθ)Tr(γ
−1
θ )
∫
dl
(2π2)2
∑ ηαβ
2
ϑ
[ β
α
]
η3
3∏
i=1
(−2 sinπθi)
e2πiα(β+θi)ϑ
[−β − θi
α
]
eπi(1/2+θi)ϑ
[−1/2− θi
1/2
](l). (3.10)
This generates a twisted tadpole in the RR sector, with the divergence given by
(1NSNS − 1RR)Tr(γθ)Tr(γ∗θ )
∫
2dl
(2π2)2
3∏
i=1
(−2 sinπθi) . (3.11)
In the absence of D7 branes this requires Tr(γθ) = 0.
3.1.2 D3-D7 amplitudes
The untwisted D3-D7 amplitudes are
A(0)37 =
∫
dt
2t
1
(2π2t)2
(Tr(1) + Tr(1))
∑
α,β=0,1/2
ηαβ
2
(ϑ[α
β
]
η3
)2(ϑ[ 1/2 − α
β
]
ϑ
[ 0
1/2
]
)2
. (3.12)
The two copies of Tr(1) corresponds to sums over 37 and 73 states. The twisted D3-D7
amplitudes are
A(k)37 =
∫
dt
2t
1
(2π2t)2
(
Tr(γ3θk)Tr(γ
7 ∗
θk
) + Tr(γ3 ∗
θk
)Tr(γ7θk)
)
[ ∑
α,β=0,1/2
ηαβ
2
ϑ
[α
β
]
η3
2∏
i=1
ϑ
[ 1/2 − α
β + θi
]
ϑ
[ 0
1/2 + θi
] (−2 sinπθ3)
ϑ
[ α
β + θi
]
ϑ
[ 1/2
1/2 + θi
]
]
. (3.13)
Re-expressed in closed string channel these generate a twisted RR tadpole given by
(1NSNS − 1RR)
(
Tr(γ3θk)Tr(γ
7 ∗
θk
) + Tr(γ3 ∗
θk
)Tr(γ7θk)
) ∫ 2dl
(2π2)2
(−2 sinπθ3) . (3.14)
3.1.3 D7-D7 amplitudes
The final sector we may wish to consider, relevant for twisted tadpole cancellation, is the
D7-D7 sector. The untwisted D7-D7 amplitude is
A077 =
∫
dt
2t
V ol4
1
(2π2t)4
Tr(1)
∑
α,β=0,1/2
ηαβ
2
(
ϑ
[α
β
])4
η12
. (3.15)
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Here V ol4 represents the integral over the string centre of mass in the 4567 directions.
The twisted D7-D7 amplitude is
A(k)77 =
∫
dt
2t
(4 sin(πθ1) sin(πθ2))
−2
(2π2t)2
Tr(γ7θk)Tr(γ
7 ∗
θk
)|CP ×
∑
α,β=0,1/2
ηαβ
2
ϑ
[α
β
]
η3
3∏
i=1
(−2 sinπθi)
ϑ
[ α
β + θi
]
ϑ
[ 1/2
1/2 + θi
] . (3.16)
The factor of (4 sin(πθ1) sin(πθ2))
−2 arises from integrating over the string centre of mass
in the NN directions. Transformed to closed string channel this generates a twisted tadpole
(1NSNS − 1RR)
Tr(γ7θ )Tr(γ
7 ∗
θ )
(4 sin(πθ1) sin(πθ2))2
∫
2dl
(2π2)2
3∏
i=1
(−2 sinπθi) . (3.17)
3.2 Magnetised Amplitudes
To compute gauge threshold corrections using the background field method we need the
above partition functions in the presence of a background spacetime magnetic field. This
magnetic field is absent in vacuo, and is simply a formal device to compute the threshold
corrections. This is turned on in the 23 (spacetime) directions along one of the generators
of the gauge group. This shifts the open string oscillator moding in the 23 directions. The
gauge threshold corrections can be extracted from the O(B2) term of the expansion (3.1).
As we are interested in threshold corrections to D3 gauge couplings we only need include
the 33 and 37 amplitudes.
We briefly summarise the effect of the B field on the oscillator modes [33, 34]. We
denote the charges felt by the left and right end of the string as q1 and q2, and write
β1 = q1B, β2 = q2B. Neutral strings have β1 = −β2.
• The oscillator moding is shifted,
n± → n± ǫ, with ǫ = tan
−1(β1) + tan−1(β2)
π
. (3.18)
Here X± = X2 ± iX3. This removes the momentum integral (n = 0) from the
partition function.
• The position coordinates become non-commutative,
[x+, x−] =
π
β1 + β2
.
The integral over center of mass modes is modified,∫
dx+dx− → 2π
[x+, x−]
∫
dx+dx− =
β1 + β2
2π2
∫
dx+dx−. (3.19)
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• The partition functions for each spin sector are modified,
∫
dx+dx−
1
(2π2t)
ϑ
[α
β
]
η3
−→ i(β1 + β2)
2π2
∫
dx+dx−
ϑ
[α
β
] (
iǫt
2
)
ϑ
[ 1/2
1/2
] (
iǫt
2
) . (3.20)
The B field has no effect on the oscillator moding in the compact dimensions and the
relevant expressions are unaltered from the unmagnetised case.
Magnetised D3-D3 Amplitudes
The magnetised untwisted D3-D3 amplitude is
A033 =
∫
dt
2t
1
(2π2t)
∑
α,β=0,1/2
ηαβ
2
Tr

 i(β1 + β2)2π2
ϑ
[α
β
] (
iǫt
2
)
ϑ
[ 1/2
1/2
] (
iǫt
2
)


(
ϑ
[α
β
])3
η9
. (3.21)
The trace is over all 33 open string states, weighted by their charges and the appropriate ϑ
function. This expression however vanishes as the untwisted D3-D3 sector preserves N = 4
supersymmetry and so cannot contribute to gauge coupling renoralisation.
The magnetised fully twisted D3-D3 amplitudes are
A(k)33 =
∫
dt
2t
1
(2π2t)
∑
α,β=0,1/2
ηαβ
2
Tr

γθk ⊗ γ−1θk i(β1 + β2)2π2
ϑ
[α
β
] (
iǫt
2
)
ϑ
[ 1/2
1/2
] (
iǫt
2
)


3∏
i=1
(−2 sin πθi)ϑ
[ α
β + θi
]
ϑ
[ 1/2
1/2 + θi
] . (3.22)
To evaluate this we need to use the expansions (recall ϑ1 = ϑ
[
1/2
1/2
]
)
ϑ1(z) = 2πη
3z +O(z3), (3.23)
ϑi(z) = ϑi(0) +
z2
2
ϑ
′′
i (0) +O(z4), i = 2, 3, 4. (3.24)
When expanding the ϑ1 term in the denominator, we only need consider the O(z) term as
the O(z3) term only gives an overall multiplicative prefactor to the unmagnetised partition
function, which vanishes due to supersymmetry. The (1/2, 1/2) spin structure also gives a
vanishing contribution: there is no O(B2) term and the O(B) term appears as ∼ Tr(β1 +
β2) = 0.
– 9 –
We can therefore simplify
Tr

γθk ⊗ γ−1θk i(β1 + β2)2π2
ϑ
[α
β
] (
iǫt
2
)
ϑ
[ 1/2
1/2
] (
iǫt
2
)

 = − B
2t
16π4
×
ϑ′′
[α
β
]
η3
Tr
( (
q2L + q
2
R
)
γθk ⊗ γ−1θk
)
.
Magnetised D3-D7 Amplitudes
The untwisted magnetised D3-D7 amplitudes are
A(0)37 =
∫
dt
2t
1
(2π2t)
∑
α,β=0,1/2
ηαβ
2
Tr

 i(β1 + β2)2π2
ϑ
[α
β
] (
iǫt
2
)
ϑ
[ 1/2
1/2
] (
iǫt
2
)


(ϑ[α
β
]
η3
)(ϑ[ 1/2 − α
β
]
ϑ
[ 0
1/2
]
)2
.
(3.25)
The twisted magnetised D3-D7 amplitudes are
A(k)37 =
1
3
∫
dt
2t
1
(2π2t)
∑
α,β=0,1/2
ηαβ
2
Tr


(
γ3θk ⊗ γ7 ∗θk + γ
3 ∗
θk
⊗ γ7θk
) i(β1 + β2)
2π2
ϑ
[α
β
] (
iǫt
2
)
ϑ
[ 1/2
1/2
] (
iǫt
2
)


[
2∏
i=1
ϑ
[ 1/2− α
β + θi
]
ϑ
[ 0
1/2 + θi
] (−2 sinπθ3)
ϑ
[ α
β + θ3
]
ϑ
[ 1/2
1/2 + θ3
]
]
. (3.26)
We defer further evaluation of the 37 and 73 amplitudes to section 5 when we consider a
specific D3/D7 model.
4. Pure D3-D3 models
In this section we want to study threshold corrections for models of fractional D3 branes
located at singularities. We shall focus first on abelian ZN singularities and subsequently
on the non-Abelian ∆27 singularity. Similar methods can be used to study ZN × ZM
singularities (cf [35]), which we shall however not consider here.
4.1 Z4 singularity
The Z4 singularity is generated by the orbifold action
1
4 (1, 1,−2) and the Z4 quiver is shown
in figure 4.1. The β-function coefficient for gauge group SU(n0) is b0 = −3n0+n1+n2+n3.
Anomaly cancellation implies n1 = n3 and n0 = n2. If n0 6= n1, the D3 brane configuration
by itself is anomaly free but with non-zero beta functions. In this case we can focus entirely
on the 33 sector.
– 10 –
n n
nn
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23
Figure 1: The quiver for the Z4 singularity.
The Chan-Paton matrix has the block-diagonal form
(
(I)n0 , (iI)n1 , (−I)n2 , (−iI)n3
)
.
Tr
(
(q2L + q
2
R)γθγ
∗
θ
)
= n0 − n2, (4.1)
Tr
(
(q2L + q
2
R)γ
2
θγ
∗
θ2
)
= n0 − n1 + n2 − n3. (4.2)
We embed Fµν in the SU(n0) sector, Fµν = 1/2(1,−1, 0 . . . 0). The contribution of θ and
θ3 sectors to threshold corrections is given by
(n0 − n2)
4
3∑
k=1, 6=2
∫
dt
2t
1
2
(
B
2π2
)2
× 1
8π2
∑
ηαβ
ϑ′′
[α
β
]
η3
3∏
i=1

−2 sinπθi
ϑ
[ α
β + θi
]
ϑ
[ 1/2
1/2 + θi
]

 .
(4.3)
Using the relations (A.10) and (A.10), we get
∑
ηαβ
ϑ′′
[α
β
]
η3
3∏
i=1

−2 sin πθi
ϑ
[ α
β + θi
]
ϑ
[ 1/2
1/2 + θi
]

 = −2π
3∑
i=1
ϑ′
[ 1/2
1/2 − θi
]
ϑ
[ 1/2
1/2− θi
]
−→t→∞ −2π2
∑
i
cos πθi
sinπθi
. (4.4)
This gives for the θ + θ3 sectors
∫
dt
2t
1
4
(
B
2π2
)2 [
− 2n0 + 2n2
]
. (4.5)
The analogue of (4.3) for the θ2 sector is (n0 − n1 + n2 − n3)×
1
4
∫
dt
2t
1
2
(
B
2π2
)2 1
8π2
∑
ηαβ(−1)2α
ϑ′′
[α
β
]
η3
ϑ
[α
β
]
η3
2∏
i=1

−2 sinπθi
ϑ
[ α
β + θi
]
ϑ
[ 1/2
1/2 + θi
]

 . (4.6)
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The (−1)2α term arise from the action of the 2π twist on the R sector ground state. The
above expression simplifies drastically using the identity (A.12)
∑
ηαβ(−1)2α
ϑ′′
[α
β
]
η3
ϑ
[α
β
]
η3
ϑ
[ α
β + θ1
]
ϑ
[ 1/2
1/2 + θ1
]
ϑ
[ α
β + θ2
]
ϑ
[ 1/2
1/2 + θ2
] = −4π2 (4.7)
for θ1 + θ2 = 1 mod 2. (4.6) therefore becomes∫
dt
2t
1
4
(
B
2π2
)2 [
− n0 + n1 − n2 + n3
]
. (4.8)
Note that the N = 2 oscillator sum collapses to a single number, and so this is an exact
expression and not merely one holding in the t→∞ limit.
Summing (4.5) and (4.8) to combine all sectors gives∫
dt
2t
1
4
(
B
2π2
)2 [
− 3n0 + n1 + n2 + n3
]
, (4.9)
which is seen to reproduce the correct β function coefficient.
There are two comments to make here. First, although we formally summed over all
twisted sectors, in fact the only sector that contributes is the θ2 sector. The contributions
of θ and θ3 sectors are in fact seen to vanish once the anomaly cancellation conditions are
imposed. The vanishing of the N = 1 θ and θ3 sectors is tied to the cancellation of fully
twisted tadpoles, which must be performed locally as these are restricted to the singularity.
Second, in the N = 2 θ2 sector not only do the full β functions emerge but furthermore
the entire open string oscillator tower decoupled. Eq. (4.8) is valid not only in the IR
t → ∞ limit but also in the UV limit t → 0. The decoupling can be understood as a
consequence of N = 2 supersymmetry: only short BPS multiplets can contribute to gauge
coupling renormalisation, but all open string oscillators are non-BPS and therefore cannot
renormalise the gauge couplings. In the non-compact limit the integral (4.9) is therefore
divergent as t→ 0 with no UV cutoff.
This divergence has a natural interpretation. The convergence of threshold corrections
in the UV limit t → 0 is equivalent to global tadpole cancellation. However in the local
model there is a non-zero amplitude for the partially twisted θ2 RR form to propagate into
the bulk along the untwisted z3 direction. As the charge can escape from the singularity,
this does not manifest itself as a gauge anomaly in the local D3-brane model. However in a
consistent theory this tadpole must still be cancelled in the bulk, and the t→ 0 divergence
reflects the fact that this global tadpole is not cancelled in the local model.
We can understand how the cancellation will modify the threshold corrections. A
consistent compact model will modify the C3/Z4 geometry at a distance scale R/
√
α′ from
the singularity, where R is the characteristic radius of the geometry. This modification will
introduce additional branes or O-planes into the model. There will then exist new states
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charged under the SU(n0) gauge group, corresponding either to strings stretching between
SU(n0) and bulk branes, or to winding strings reaching round the compact space. Such
state will enter the computation and modify the above calculation once e−πtR2 ∼ 1, and so
this imposes an effective cutoff t & 1/R2 on the above divergences.
To illustrate this, we show in figure 4.1 the T 6/Z4 orbifold. As a compact space this
x1 x2 x3
y
1
y
2
y
3
Figure 2: The T 6/Z4 orbifold. Dark circles correspond to θ
1 fixed points and hollow squares
correspond to θ2 fixed points.
orbifold has h1,1 = 31, h2,1 = 7. The 31 elements of h1,1 decomposes as 5 untwisted 2-
cycles, 16 θ1 twisted cycles stuck at the 16 Z4 fixed points, 6 θ
2 twisted cycles stuck at Z4
invariant combinations of θ2 fixed points, and 4 θ2 twisted cycles at Z4 fixed points and
propagating across the third T 2.
The principal point is that for each Z4 fixed point the θ
2 sector is not in homology
uniquely associated to that fixed point: it is rather shared by the four fixed points differing
by their location in the (x3, y3) plane. Fractional branes at any one of these four fixed
points can source an RR tadpole for this 2-cycle, and in a compact model we must cancel
the tadpole by summing over the branes at all fixed points. From an open string perspective
this corresponds to including strings stretched between (for example) the (0,0,0) fixed point
and the (0,0,i/2) fixed point. Such strings would have mass ∼ R/√α′ and correspond to
the UV cutoff on the computation of threshold corrections.
We can make this explicit. We suppose we have a stack of fractional branes on the
(0,0,0) fixed point (point A) and a stack on the (0,0,i/2) fixed point (point B). As before,
we compute threshold corrections for the SU(n0) stack at point A. There are contributions
to the threshold corrections from both AA and AB strings. Following (4.8) the AA strings
give
∫
dt
2t
1
4
(
B
2π2
)2 [
− nA0 + nA1 − nA2 + nA3
]∑
n,m
e−(n
2+m2)R2t, (4.10)
where R is the size of T 3. This incorporates the effect of AA winding strings into our
previous expression (4.8). The global model also contains a new sector, the AB strings.
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These give
∫
dt
2t
1
4
(
B
2π2
)2 [
− nB0 + nB1 − nB2 + nB3
]∑
n,m
e−((n+1/2)
2+m2)R2t. (4.11)
This contribution only becomes relevant for t . 1/R2. The simplest way to cancel all
twisted RR tadpoles is to put nA0 = n
A
2 = n
B
1 = n
B
3 and n
A
1 = n
A
3 = n
B
0 = n
B
2 . The full
global expression for the SU(n0) threshold correction is then
∫
dt
2t
1
4
(
B
2π2
)2
b0
(∑
n,m
e−(n
2+m2)R2t −
∑
n,m
e−((n+1/2)
2+m2)R2t
)
. (4.12)
Either through explicit numerical evaluation or through Poisson resummation into closed
string channel, (4.12) is easily checked to now be finite in the t→ 0 limit, with the turn-off
of the beta functions occurring at 1/t ∼ (R/2)2 corresponding to the mass of the first AB
state.
4.2 Z6 singularity
The Z6 singularity is generated from the orbifold action
1
6(1, 1,−2). The θ, θ2, θ4 and θ5
sectors are all N = 1 sectors with θ3 the only N = 2 sector. The quiver for Z6 is shown in
figure 4.2 below. The β function coefficient for SU(n0) is b0 = −3n0 + (n1 + n5) + n2+n42 .
n n
n
nn
n5
4 3
2
10
Figure 3: The quiver for the Z6 singularity.
Anomaly cancellation implies n2 +2n5 = 2n1 + n4 plus cyclic permutations. The anomaly
cancellation conditions constrain n0 = n2 = n4 and n1 = n3 = n5, leaving two independent
parameters.
Using the block-diagonal Chan-Paton matrix γθ =
(
(I)n0 , (e
pii
3 I)n1 , (e
2pii
3 I)n2 , . . . , (e
5pii
3 I)n5
)
,
we have
Tr
(
(q2L + q
2
R)γθγ
∗
θ
)
= (n0 − n3) + n1 − n4
2
− n2 − n5
2
, (4.13)
Tr
(
(q2L + q
2
R)γ
2
θγ
∗
θ2
)
= (n0 + n3)− n1 + n4
2
− n2 + n5
2
, (4.14)
Tr
(
(q2L + q
2
R)γ
3
θγ
∗
θ3
)
= n0 − n1 + n2 − n3 + n4 − n5. (4.15)
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No difficulties are encountered in the computation of threshold corrections. Summing all
N = 1 sectors gives in the t→∞ limit:
∫
dt
2t
1
4
(
B
2π2
)2 −1
12
[
5(2n0+n1−n2−2n3−n4+n5)+9(2n0−n1−n2+2n3−n4−n5)
]
. (4.16)
The θ3 N = 2 sector gives the exact result
∫
dt
2t
1
4
(
B
2π2
)2 −8
12
[
n0 − n1 + n2 − n3 + n4 − n5
]
. (4.17)
Combining (4.16) and (4.17) we obtain
∫
dt
2t
1
4
(
B
2π2
)2 [
− 3n0 + n1 + n2 + n4
2
+ n5
]
, (4.18)
with the correct IR β function coefficient.
The same physics that occurred in the Z4 case recurs here. Although the threshold
corrections are a formal sum over all sectors, the contribution (4.16) of the N = 1 sectors
vanishes when anomaly cancellation is imposed. This is due to the fact that the θ and
θ2 sectors are associated to twisted RR states that are tied to the singularity, and so the
resulting RR tadpole must be cancelled locally. In contrast, the single N = 2 sector need
not have its RR tadpole cancelled locally, allowing the existence of non-zero beta functions.
4.3 Z′6 singularity
The Z′6 singularity is generated by the action
1
6(1, 2,−3). The principle difference to Z4 or
Z6 is that Z
′
6 has multiple N = 2 sectors. The quiver is shown in figure 4.3. The β-function
n n
n
nn
n5
4 3
2
10
Figure 4: The quiver for the Z′6 singularity.
coefficient for SU(n0) is b0 = −3n0 + n12 + n22 + n3 + n42 + n52 . The anomaly cancellation
conditions are the cyclic permutations of n0 + n1 = n3 + n4. The presence of 3 N = 2
sectors implies that the solutions to the anomaly conditions have (3+1) free parameters.
The solutions are
n0 = n2 + n3 − n5, n1 = −n2 + n4 + n5.
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The Chan-Paton traces take the same values as for the Z6 case (4.13). The threshold
corrections are then easily computed, and the various sectors give
θ + θ5 :
∫
dt
2t
1
4
(
B
2π2
)2 −8
12
[
(2n0 + n1 − n2 − 2n3 − n4 + n5)
]
, (4.19)
θ2 + θ4 :
∫
dt
2t
1
4
(
B
2π2
)2 −6
12
[
(2n0 − n1 − n2 + 2n3 − n4 − n5)
]
, (4.20)
θ3 :
∫
dt
2t
1
4
(
B
2π2
)2 −8
12
[
(n0 − n1 + n2 − n3 + n4 − n5)
]
. (4.21)
Combining all sectors we obtain the correct SU(n0) β-function∫
dt
2t
1
4
(
B
2π2
)2 [
− 3n0 + n1 + n2
2
+ n3 +
n4 + n5
2
]
. (4.22)
The same physics is again evident: the N = 1 sectors (θ and θ5) vanish once anomaly
cancellation is imposed. The threshold corrections are sourced entirely by the N = 2
sectors, for which the oscillator sum reduces to a single constant.
4.4 ∆27 singularity
We finally consider the ∆27 singularity. Unlike the previous cases, this is a nonabelian
singularity, studied for example in [36–38]. This also exists as a particular case of the dP8
singularity [39], which is the most general of the del Pezzo family. The ∆27 quiver is
n1
n2
n3
n4
n5
n6
n7
n8
n9
n11n103 3
Figure 5: The quiver for the ∆27 singularity.
The anomaly cancellation conditions are
n10 = n11 =
(n1 + n2 + n3 + n4 + n5 + n6 + n7 + n8 + n9)
9
. (4.23)
We start by reviewing the basic properties of ∆27. ∆27 is the non-abelian finite subgroup
of SU(3) generated by
e1 : (z1, z2, z3) → (ωz1, ω2z2, z3),
e2 : (z1, z2, z3) → (z1, ωz2, ω2z3),
e3 : (z1, z2, z3) → (z3, z1, z2). (4.24)
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The generators satisfy
e31 = e
3
2 = e
3
3 = 1, e1e2 = e2e1, e3e1 = e2e3, e3e2 = e
2
1e
2
2e3. (4.25)
The 27 elements of the group can be written as eα1 e
β
2e
γ
3 , with α, β, γ = 1 . . . 3. The eleven
conjugacy classes are
{1}, {e1e22}, {e21, e2}, {e1, e2, e21e22}, {e21, e22, e1e2}, {e2e3, e1e3, e21e22e3}, {e1e2e3, e21e3, e22e3},
{e23, e1e22e23, e21e2e23}, {e1e23, e21e22e23, e2e23}, {e21e23, e22e23, e1e2e23}, {e23, e1e22e23, e21e2e23}.
Corresponding to these are eleven irreducible representations, 3 + 3∗ + 9 × 1. Using the
relations (4.25) it is easy to see that the nine 1-dimensional irreps are given by
γe1 = γe2 = ω
α, γe3 = ω
β, (4.26)
with α, β = 0, 1, 2. The 3-dimensional irreps are given by the defining representation and
its complex conjugate,
γ3e1 =

ω 0 00 ω2 0
0 0 1

 , γ3e2 =

 1 0 00 ω 0
0 0 ω2

 , γ3e3 =

 0 0 11 0 0
0 1 0

 , (4.27)
γ3
∗
e1 =

 ω
2 0 0
0 ω 0
0 0 1

 , γ3∗e2 =

 1 0 00 ω2 0
0 0 ω

 , γ3∗e3 =

 0 0 11 0 0
0 1 0

 . (4.28)
The regular representation decomposes as 27 = (3×3)⊕(3×3)⊕1⊕1⊕1⊕1⊕1⊕1⊕1⊕1⊕1.
Using the Chan-Paton matrices for the regular representation it is straightforward to derive
the ∆27 quiver shown in figure 4.4.
The partition function is given by
Tr
[
(1 + e1 + e
2
1)
3
(1 + e2 + e
2
2)
3
(1 + e3 + e
2
3)
3
e−Ht
]
.
To evaluate this we first evaluate the action of each group element on the oscillator tower.
For explicitness consider the states
ψz1−λ|0〉, ψz2−λ|0〉, ψz3−λ|0〉. (4.29)
For an element of the form eα1 e
β
2 the above states are eigenstates of the group element.
However for elements of the form eα1 e
β
2 e
γ
3 this no longer holds. For example, the eigenstates
of e3 are
ψz1−λ|0〉+ψz2−λ|0〉+ψz3−λ|0〉, ψz1−λ|0〉+ωψz2−λ|0〉+ω2ψz3−λ|0〉, ψz1−λ|0〉+ω2ψz2−λ|0〉+ωψz3−λ|0〉.
The action of the varying group elements on the states (4.29) then gives
1 : (1 + q)(1 + q)(1 + q),
e1e
2
2 : (1 + ωq)(1 + ωq)(1 + ωq),
e2e
2
1 : (1 + ω
2q)(1 + ω2q)(1 + ω2q),
all other group elements : (1 + q)(1 + ωq)(1 + ω2q). (4.30)
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The oscillator towers for each group element are therefore (with
∑
θi = 0) given by
1 :
(ϑ[α
β
]
η3
)4
,
e1e
2
2 :
(ϑ[α
β
]
η3
)
3∏
i=1

−2 sinπθi
ϑ
[ α
β + θi
]
ϑ
[ 1/2
1/2 + θi
]

 ,
e2e
2
1 :
(ϑ[α
β
]
η3
)
3∏
i=1

−2 sinπθi
ϑ
[ α
β + θi
]
ϑ
[ 1/2
1/2 + θi
]

 ,
all other group elements :
(ϑ[α
β
]
η3
)2 2∏
i=1

−2 sinπθi
ϑ
[ α
β + θi
]
ϑ
[ 1/2
1/2 + θi
]

 . (4.31)
This corresponds to one N = 4 sector, twenty-four N = 2 sectors and two N = 1 sectors.
From here the procedure to compute threshold corrections is very similar to the abelian
orbifolds above: we compute the correction in each individual twisted sector and sum over
all sectors. Twisted tadpole cancellation requires that the Chan-Paton traces for the two
N = 1 sectors vanish. Now,
Tr(γe21e2) = (n1 + n2 + n3 + n4 + n5 + n6 + n7 + n8 + n9) + 9ω
2n10 + 9ωn11,
Tr(γe21e2) = (n1 + n2 + n3 + n4 + n5 + n6 + n7 + n8 + n9) + 9ωn10 + 9ω
2n11. (4.32)
The vanishing of twisted tadpoles therefore requires
n10 = n11 =
(n1 + n2 + n3 + n4 + n5 + n6 + n7 + n8 + n9)
9
. (4.33)
This reproduces the anomaly cancellation conditions (4.23).
From the ∆27 quiver it is easy to see that only the SU(n1)→ SU(n9) gauge groups can
have non-zero beta functions. We focus on the SU(n1) case for which the 1-dimensional
representation is trivial. Using the same formalism and results as for the abelian orbifolds,
we find that the annulus amplitude from the N = 1 sectors is
1
27
∫
dt
2t
1
2
(
B
2π2
)2 −2π2
8π2
× 9
[∑
N=1
1
2
[Tr(γθ) + Tr(γ
∗
θ )]
]
. (4.34)
Using (4.32), we obtain
∑
N=1
1
2
[Tr(γθ) + Tr(γ
∗
θ )] = 2 (n1 + n2 + . . .+ n9)− 9n10 − 9n11,
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giving an overall contribution from N = 1 sectors of
∫
dt
2t
1
4
(
B
2π2
)2 [
−1
3
(n1 + n2 + . . .+ n9) +
3
2
(n10 + n11)
]
. (4.35)
Of course this vanishes when anomaly cancellation is imposed.
The N = 2 sectors give a contribution
1
27
∫
dt
2t
1
2
(
B
2π2
)2 −4π2
8π2
× 3
[∑
N=2
1
2
[Tr(γθ) + Tr(γ
∗
θ )]
]
. (4.36)
In this case ∑
N=2
1
2
[Tr(γθ) + Tr(γ
∗
θ )] = 3 (8n1 − n2 − n3 − . . .− n9))
with the result that N = 2 sectors contribute∫
dt
2t
1
4
(
B
2π2
)2 [
−3n1 + 1
3
(n1 + n2 + . . .+ n9)
]
. (4.37)
Combining both N = 1 and N = 2 sectors, we obtain
∫
dt
2t
1
4
(
B
2π2
)2 [
−3n1 + 3
2
(n10 + n11)
]
, (4.38)
which is precisely the β-function of the SU(n1) gauge theory.
The exact same physics has recurred here as for the simpler examples of Abelian
orbifolds. The β-functions come entirely from the N = 2 sector, for which the string tower
decouples. From a closed string perspective, the β-function corresponds to the propagation
of a twisted RR state into the bulk. This is a tadpole and is necessarily divergent when
analysed from a purely local perspective.
We can be more precise and relate this to the geometry of the ∆27 singularity. The ∆27
singularity is part of the moduli space of the del Pezzo 8 (dP8) singularity. The geometry
of a dPn consists of one 4-cycle and (n + 1) 2-cycles. There is one collapsing 4-cycle at
the singularity and n + 1 collapsing 2-cycles. One 2-cycle is dual to the 4-cycle: both the
cycle and its dual are compact in the non-compact local model. These cycles represent the
N = 1 sectors.4 The RR forms on these cannot propagate into the bulk and so tadpole
cancellation must take place locally for a consistent theory. This manifests itself as the
anomaly cancellation condition that fixes n10 and n11.
The other n 2-cycles have dual 4-cycles that are non-compact. At the level of the local
model it is simply unknown whether these 2-cycles represent 2-cycles of the Calabi-Yau,
4dPn corresponds to dP0 ≡ P2 with n points blown up into P1s. The dP0 ≡ P2 ≡ C3/Z3 singularity has
one 4-cycle and one 2-cycle, which are dual to each other. These correspond to the N = 1 twisted sectors
of the orbifold. The N = 1 twisted sectors of ∆27 are, in a sense, inherited from the N = 1 twisted sectors
of C3/Z3.
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or merely 2-cycles of the del Pezzo.5 Furthermore, at the level of the local model it is also
unknown whether or not there are other 2-cycles in the Calabi-Yau that are in the same
homology class but are spatially separated from the dP8 singularity.
6 As a result there
can be no purely local consistency condition from these cycles. This manifests itself in the
high level of freedom in satisfying the anomaly cancellation conditions: we cannot restrict
beyond
∑9
i=1 ni = 9n10 = 9n11. The eight degrees of freedom in solving
∑9
i=1 ni = 9n10 =
9n11 (once the overall N is fixed), giving eight independent beta functions, correspond in
closed string channel to sources for RR forms along these 8 cycles.
While these tadpoles are consistent in a local model, in a global model they must
necessarily vanish. This can occur either because several of these 2-cycles are homologically
identical, or if there exist other distant representatives in the same homology class that
also source the same RR tadpole. Either way, the global cancellation of tadpoles requires
knowledge of the structure of the compact space that is hidden from the local model. The
precise nature of this is model-dependent. However what is model-independent is that in
the large-radius limit it appears at a distance ∼ R(2π√α′) from the singularity, where
R is the Calabi-Yau radius. From the open string point of view, this corresponds to the
existence of new states, of approximate mass R√
α′
, that are not present in the local model
(for example strings stretching from one brane stack to another, or winding around the
compact space back to the singularity). As described for the T 6/Z4 case, such states must
be included in the computation of threshold corrections for t . 1
R2
(when e−Ht ∼ 1). This
is illustrated in figure 4.4. As stringy consistency requires that the resulting expression is
finite, we can incorporate the effect of a global compact embedding by cutting the integral
off at t ∼ 1
R2
, which corresponding to running from a scale ∼ RMs.
4.5 Comparison with Field Theory
In all cases the above string calculations agree with the field theory result. The low
energy couplings unify at a scale MX = RMs rather than the naive scale of Ms. From a
string point of view, the scale RMs arises because, while the gauge groups may be local,
tadpole cancellation is not. The fractional brane configurations source a closed string RR
tadpole that through open/closed string duality is precisely equivalent to the running gauge
couplings. This tadpole is necessarily divergent in the purely local model, which does not
know whether it has been consistently embedded in a global background. Heuristically, the
appearance of the scale MX = RMs can be understood from the need to reach the bulk to
know whether the tadpole has been cancelled or not.
From a purely open string perspective, the fact that the beta functions arise only
from N = 2 sectors means that the oscillator sum reduces to a constant: only BPS states
can renormalise the gauge couplings, and open string excitations are non-BPS. The beta
5For example, [40] gives a case of a dP8 singularity where only one 2-cycle of the dP8 is non-trivial in
the Calabi-Yau. A variety of examples of this phenomenon are also given in the recent paper [41].
6An analogy here is the resolved conifold: the 2-cycle present in the resolved conifold geometry likewise
need not be the unique representative of its homology class. I thank Xenia de la Ossa for discussions on
this point.
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RFigure 6: An illustration of a worldsheet configuration that is missed by a purely local computation
of threshold corrections. From an open string perspective this corresponds to a string of mass
R/
√
α′ stretching from one fractional brane stack to another, whereas in closed string language this
represent sources and sinks of twisted RR charge.
functions therefore do not see the string scale as a threshold but instead continute evolving
beyond it.
A similar unification at a super-stringy scale MX = RMs was found for certain ori-
entifold models in [18]. It would be interesting to see whether the underlying physics is
similar. However direct comparison is not straightforward as we have considered D3 branes
whereas that paper considered the gauge couplings on D9 branes in globally consistent
D5/D9 models.
5. Models involving both D3 and D7 branes
We next consider local models involving both D3 and D7 branes, where the D7 wraps both
a bulk and a collapsed cycle. We will focus on models based around the C3/Z3 singularity
with twist vector 13(1, 1,−2) such as considered in [2] (see also [42]). The quiver for these
models is shown in figure 7.
Anomaly cancellation requires 3ni + mi = 3nj + mj for all i, j, giving 3n0 + m0 =
3(n1 + n2)/2 + (m1 +m2)/2.
5.1 Tadpole cancellation
In section 3.1 we wrote down the tadpoles originating from 33, 37, and 77 sectors. The
summation of the annulus amplitude over all these sectors generates a twisted closed string
divergence in the l→∞ limit, given by
A(k) = (1NSNS − 1RR)
∣∣∣∣∣
3∏
i=1
(−2 sinπθi) Tr(γ3θ ) + (−2 sinπθ3)Tr(γ7θ )
∣∣∣∣∣
2 ∫
2dl
(2π2)2
(5.1)
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Figure 7: The quiver for D3/D7 branes at the C3/Z3 singularity. The dark circles, labelled ni,
represent D3 gauge groups and the grey circles, labelled mi, represent D7 gauge groups.
The tadpole cancellation conditions are therefore
3∏
i=1
(−2 sinπθi)Tr(γ3θ ) + (−2 sinπθ3)Tr(γ7θ ) = 0. (5.2)
These can be checked to be equivalent to the anomaly cancellation conditions for the quiver
field theory [2].
There are in addition untwisted tadpoles that arise and do not vanish - for example
there is the tadpole due to D3 charge and also that from the bulk cycle on which the
7-brane is wrapped. In a fully consistent theory the untwisted tadpoles will be cancelled
by bulk O3/O7 planes, contributing to Mobius Strip (MS) or Klein Bottle (KB) diagrams.
However no orientifolds are present in the local model and so we again restrict ourselves
to only the annulus diagrams.
5.2 33 Amplitudes
We first write down the magnetised 33 amplitdues following section (3.2) and eq. (3.22).
The trace over charged states in (3.22) simplifies to
Tr

γθk ⊗ γ−1θk i(β1 + β2)2π2
ϑ
[α
β
] (
iǫt
2
)
ϑ
[ 1/2
1/2
] (
iǫt
2
)

 = − B
2t
16π4
×
ϑ′′
[α
β
]
η3
(
n0 − (n1 + n2)
2
)
. (5.3)
This expression holds equally for the θ and θ2 twists.
The expression for the threshold corrections can be further simplified using the identity
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(A.10), putting the partition function in the form
1
3
2∑
k=1
∫
dt
2t
1
2
(
B
2π2
)2 −2π
8π2
[
n0 − n1 + n2
2
]( 3∑
i=1
ϑ′
[ 1/2
1/2 − θi
]
ϑ
[ 1/2
1/2− θi
]
)(∏
i
−2 sin(πθi)
)
. (5.4)
The IR limit of (5.4) can be evaluated using the identity (A.10), giving(
−
∫
dt
2t
1
4
(
B
2π2
)2)
×
(
−3n0 + 3(n1 + n2)
2
)
. (5.5)
This reproduces the contribution to the β-function from D3-D3 states.
5.2.1 D3-D7
The untwisted magnetised D3-D7 amplitudes are
A(0)37 =
∫
dt
2t
1
(2π2t)
∑
α,β=0,1/2
ηαβ
2
Tr

 i(β1 + β2)2π2
ϑ
[α
β
] (
iǫt
2
)
ϑ
[ 1/2
1/2
] (
iǫt
2
)


(ϑ[α
β
]
η3
)(ϑ[ 1/2 − α
β
]
ϑ
[ 0
1/2
]
)2
.
(5.6)
The trace is over all D3-D7 and D7-D3 states. Unlike for D3-D3 strings, the untwisted D3-
D7 sector preserves N = 2 supersymmetry and can therefore contribute to gauge coupling
renormalisation. In this case
Tr

 i(β1 + β2)2π2
ϑ
[α
β
] (
iǫt
2
)
ϑ
[ 1/2
1/2
] (
iǫt
2
)

 = − B
2t
16π4
×
ϑ′′
[α
β
]
η3
(
n70 + n
7
1 + n
7
2
)
. (5.7)
The resulting expression for threshold corrections is
1
3
∫
dt
2t
(
B
2π2
)2 1
8π2
[
n70 + n
7
1 + n
7
2
]∑ ηαβ
2
ϑ′′
[α
β
]
η3
(ϑ[α
β
]
η3
)(ϑ[ 1/2− α
β
]
ϑ
[ 0
1/2
]
)2
. (5.8)
Now,
∑ ηαβ
2
ϑ′′
[α
β
]
η3
(ϑ[α
β
]
η3
)(ϑ[ 1/2− α
β
]
ϑ
[ 0
1/2
]
)2
= 2π2, (5.9)
and so the whole oscillator sum reduces to a single number. We obtain(
−
∫
dt
2t
1
4
(
B
2π2
)2)
×
(
n70 + n
7
1 + n
7
2
)
3
. (5.10)
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This represents the full contribution of the untwisted sector to the threshold corrections;
as mentioned above there is no oscillator sum.
The twisted magnetised D3-D7 amplitudes are
A(k)37 =
1
3
∫
dt
2t
1
(2π2t)
∑
α,β=0,1/2
ηαβ
2
Tr


(
γ3θk ⊗ γ7 ∗θk + γ
3 ∗
θk
⊗ γ7θk
) i(β1 + β2)
2π2
ϑ
[α
β
] (
iǫt
2
)
ϑ
[ 1/2
1/2
] (
iǫt
2
)


[
2∏
i=1
ϑ
[ 1/2− α
β + θi
]
ϑ
[ 0
1/2 + θi
] (−2 sinπθ3)
ϑ
[ α
β + θ3
]
ϑ
[ 1/2
1/2 + θ3
]
]
. (5.11)
The trace is over all D3-D7 and D7-D3 states, weighted by both the Chan-Paton matrices
and the effects of magnetic charges.
In this case
Tr

(γθ3 ⊗ γ−1θ7 + γθ7 ⊗ γ−1θ3 ) i(β1 + β2)2π2
ϑ
[α
β
] (
iǫt
2
)
ϑ
[ 1/2
1/2
] (
iǫt
2
)

 = − B
2t
16π4
×
ϑ′′
[α
β
]
η3
(
n70 −
n71 + n
7
2
2
)
.
Threshold corrections therefore take the form
A(k)37 =
1
3
∫
dt
2t
(
B
2π2
)2 1
8π2
(
n70 −
n71 + n
7
2
2
)
×
∑
α,β=0,1/2
ηαβ
2
ϑ′′
[α
β
]
η3
[
2∏
i=1
ϑ
[ 1/2 − α
β + θi
]
ϑ
[ 0
1/2 + θi
] (−2 sinπθ3)
ϑ
[ α
β + θ3
]
ϑ
[ 1/2
1/2 + θ3
]
]
. (5.12)
The expressions for the θ and θ2 twisted sectors are identical. In the IR limit t → ∞, we
find
lim
t→∞
∑
α,β=0,1/2
ηαβ
2
ϑ′′
[α
β
]
η3
[
2∏
i=1
ϑ
[ 1/2 − α
β + θi
]
ϑ
[ 0
1/2 + θi
] (−2 sinπθ3)
ϑ
[ α
β + θ3
]
ϑ
[ 1/2
1/2 + θ3
]
]
= −π2(1+O(√q)+. . .).
(5.13)
The t→∞ contribution of the twisted sectors (θ + θ2) is therefore given by
(
−
∫
dt
2t
1
4
(
B
2π2
)2)
× 1
3
(
−n70 +
n71 + n
7
2
2
)
. (5.14)
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Combining (5.14) and (5.10) we obtain(
−
∫
dt
2t
1
4
(
B
2π2
)2)
×
(
n71 + n
7
2
2
)
. (5.15)
This gives the correct contribution to the β function from D3-D7 states, bD3−D7 =
n71+n
7
2
2 .
Combining all sectors by summing (5.5) and (5.15), we obtain in the t→∞ limit the
correct β function coefficient for SU(n0),
b0 = −3n0 + 3(n1 + n2)
2
+
(n71 + n
7
2)
2
. (5.16)
The stringy thresholds exist in the UV t → 0 limit. We can evaluate this limit either by
transforming the amplitudes (3.22) and (5.11) to closed string channel and studying the
l → 0 limit or by direct numerical evaluation. Either way, we find that the contribution of
the twisted sector amplitudes vanishes in the t→ 0 limit:
lim
t→0
A33θ −A37θ = lim
t→0
A33θ2 −A37θ2 = 0.
This is consistent with the decoupling of N = 1 twisted sectors in the t → 0 limit. This
leaves the N = 2 amplitude (5.10) associated to the D3-D7 untwisted sector. As the
oscillator sum here reduces to a single number, this amplitude is uncancelled and remains
divergent in the t→ 0 limit,(
−
∫ (µ2)−1
(M2)−1
dt
2t
1
4
(
B
2π2
)2)
×
(
n70 + n
7
1 + n
7
2
)
3
=
[
1
8
(
B
2π2
)2]
×
(
n70 + n
7
1 + n
7
2
)
3
log(M2/µ2).
(5.17)
This divergence is allowed as it originates from the untwisted sector: as for the 33 models,
untwisted tadpoles do not have to be cancelled locally but instead may propagate into the
bulk, and be cancelled far from the local geometry.
However in this case the interpretation is not as clear as compared to the 33 examples.
For this 37 example, the gauge couplings do all run above the string scale, but with a
modified beta function coefficient b0 =
(n70+n71+n72)
3 . In contrast to the 33 cases, this is gauge-
group universal and differs from the low-energy beta functions. As for the 33 examples, we
expect this divergence to be cut off at a scale RMs due to bulk tadpole cancellation.
It is also not easy to match this behaviour with the effective field theory. We could
only find a match by making the following assumptions
1. We redefine the real part of the dilaton as
Re(S)→ Re(S)− 2
9
1
16π2
(n70 + n
7
1 + n
7
2) lnV.
2. The matter metric for D3-D7 matter is Z37 = 1V , rather than Z
33 = 1V2/3 .
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However there are two difficulties with this interpretation. First, it reinvolves a redefinition
of the dilaton by an amount depending on the number of D7 brane stacks. However, the
dilaton also provides the gauge kinetic function for D3 brane stacks far from the singularity.
As such stacks need have no light D3-D7 strings there seems no reason the gauge coupling
on such stacks should be sensitive to the number of D7 branes present. Secondly, writing
Z37 = 1V implies the physical Yukawas for (37)(73)(33) couplings diverge as V1/3. This
is inconsistent with the locality of the model, rendering it impossible to take the V → ∞
limit that is essential to a local model.
For these reasons it does not seem that this interpretation is correct. We believe the
reason we have found difficulty matching with the effective field theory is that D3-D7
models are not truly local and weakly coupled, due to the large backreaction of D7 branes
on spacetime: D7 branes source a divergence for the dilaton, which in turn sets the gauge
coupling on probe D3 branes. In this case the V → ∞ limit is not a well-defined limit due
to the existence of a D7 brane extending out into the bulk, and the basic assumptions that
we used in section 2 are not valid.
6. Conclusions
This paper has studied threshold corrections for local string models embedded in a large
compact space. We showed that for such models the Kaplunovsky-Louis anomaly formula
for effective field theory implies threshold corrections should modify the unification scale
from Ms to RMs due to the Konishi and super-Weyl anomalies.
We also analysed this issue from a directly stringy perspective and found full agreement
with the KL formula for a large class of models, namely those arising from fractional D3
branes at orbifold singularities. From a string perspective the open string loop diagram
entering the threshold corrections can be reinterpreted as a closed string tree diagram.
This diverges in the local model due to the emission of a RR tadpole into the bulk. In
homology this corresponds to charge along a cycle whose global homology status cannot
be determined locally. In a consistent compact model this tadpole must be cancelled in
the bulk at a distance Rls from the local channel. In open string channel this effectively
regularises the divergence of the local model through new charged states of mass RMs. At
energies below RMs the gauge couplings start running as these states decouple.
For D3/D7 models we found a universal running above the string scale, which however
differed from the low energy beta functions. However in this case we were unable to match
onto the KL field theory formula. While we do not fully understand the origin of this
discrepancy, it may be due to our omitting the large backreaction from D7 branes - truly
local D3/D7 models may not exist.
An obvious future direction is to extend this study of threshold corrections to more
general models. This includes both orientifolded singularities and models in the geometric
regime away from the orbifold limit - this includes for example local models of intersecting
D7 branes. The field theory formula seems surprisingly general in its implications, and
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from a string theory point of view it would be very interesting to analyse carefully the
issue of threshold corrections for general local models.
Another direction to analyse is the effect that resolving the singularity has on the
gauge couplings. Our treatment here has been carried out in the orbifold limit where the
string computation is valid. Resolving the singularity may lead to a tree-level splitting of
the gauge couplings. This could further raise the unification scale above the string scale,
or alternatively return the unification scale to the string scale. This issue deserves further
study.
Finally, although this paper has focussed on the technical calculational details, its
motivation was phenomenological: what is the significance of apparent gauge coupling
unification at MGUT ∼ 1016GeV? The results here imply that models with Ms < MGUT
are not a priori incompatible with gauge coupling unification; indeed, for local models the
string scales and unification scales may differ substantially. This has clear implications for
proton decay: if the string scale for local GUT constructions is ∼ 1015GeV, proton decay
is substantially enhanced over more conventional estimates.
For models with intermediate string scales Ms ∼ 1011GeV, which are most attractive
in terms of generating low-scale supersymmetry and solving the hierarchy problem, the
unification scale becomes 1013GeV÷ 1014GeV. This significantly ameliorates but does not
eliminate the tension between the intermediate and GUT scales. For such models to be
consistent with gauge coupling unification, a certain amount of non-universality in the tree
level gauge couplings may be necessary.
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A. ϑ-function identities
We here collate definitions and identities of the various Jacobi-ϑ functions. We write
q = e−πt throughout these formulae. The eta function is defined by
η(t) = q1/24
∞∏
n=1
(1− qn). (A.1)
The Jacobi ϑ-functon with general characterstic is defined as
ϑ
[α
β
]
(z|t) =
∑
n∈Z
e−(n+α)
2πt/2e2πi(z+β)(n+α). (A.2)
– 27 –
Here z = 0 unless specified. The ϑ functions are manifestly invariant under α→ α+ Z. A
useful expansion valid for α ∈ (−12 , 12 ] is
ϑ
[α
β
]
η
(t) = e2πiαβq
α2
2
− 1
24
∞∏
n=1
(
1 + e2πiβqn−
1
2
+α
)(
1 + e−2πiβqn−
1
2
−α
)
. (A.3)
For the four special ϑ-functions, we have
ϑ1(z|t) ≡ ϑ
[ 1
2
1
2
]
(z|t) = 2q1/8 sinπz
∞∏
n=1
(1− qn)(1− e2πizqn)(1− e−2πizqn). (A.4)
ϑ2(z|t) ≡ ϑ
[ 1
2
0
]
(z|t) = 2q1/8 cos πz
∞∏
n=1
(1− qn)(1 + e2πizqn)(1 + e−2πizqn). (A.5)
ϑ3(z|t) ≡ ϑ
[ 0
0
]
(z|t) =
∞∏
n=1
(1− qn)(1 + e2πizqn− 12 )(1 + e−2πizqn− 12 ). (A.6)
ϑ4(z|t) ≡ ϑ
[ 0
1
2
]
(z|t) =
∞∏
n=1
(1− qn)(1− e2πizqn− 12 )(1− e−2πizqn− 12 ). (A.7)
These appear in the partition functions of a magentised sector. We shall normally leave
the t argument implicit when using these. Derivatives w.r.t z give
ϑ1(z) = 2πη
3z +O(z3), (A.8)
ϑi(z) = ϑi(0) +
z2
2
ϑ
′′
i (0) +O(z4), i = 2, 3, 4. (A.9)
N = 1 expressions for threshold corrections can be simplified using the identities
∑
α,β
ηα,β
ϑ′′
[α
β
]
η3
3∏
i=1
ϑ
[ α
β + θi
]
ϑ
[ 1/2
1/2 + θi
] = − 2π
3∑
i=1
ϑ′
[ 1/2
1/2− θi
]
ϑ
[ 1/2
1/2 − θi
] , (A.10)
lim
t→∞
ϑ′
[ 1/2
1/2 − θi
]
ϑ
[ 1/2
1/2 − θi
] = π cos(θi)sin(θi) . (A.11)
N = 2 threshold corrections are much simplified using the result
∑
ηαβ(−1)2α
ϑ′′
[α
β
]
η3
ϑ
[α
β
]
η3
ϑ
[ α
β + θ1
]
ϑ
[ 1/2
1/2 + θ1
]
ϑ
[ α
β + θ2
]
ϑ
[ 1/2
1/2 + θ2
] = −4π2 (A.12)
for θ1 + θ2 = 1 mod 2.
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When transforming to closed string channel the following identities are useful
η(t) =
√
lη(l), (A.13)
ϑ
[α
β
]
(t) =
√
le2πiαβϑ
[−β
α
]
(l). (A.14)
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